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DIMENSIONS OF C1−AVERAGE CONFORMAL HYPERBOLIC
SETS
JUAN WANG, JING WANG, YONGLUO CAO, AND YUN ZHAO
Abstract. This paper introduces the concept of average conformal hyperbolic
sets, which admit only one positive and one negative Lyapunov exponents for
any ergodic measure. For an average conformal hyperbolic set of a C1 diffeo-
morphism, utilizing the techniques in sub-additive thermodynamics formalism
and some geometric arguments with unstable/stable manifolds, a formula of
the Hausdorff dimension and lower (upper) box dimension is given in this
paper, which are exactly the sum of the dimensions of the restriction of the
hyperbolic set to a stable and unstable manifolds. Furthermore, the dimen-
sions of an average conformal hyperbolic set varies continuously with respect
to the dynamics.
1. Introduction
The dimension of invariant sets is one of their important characteristics, it plays
an important role in various problems in dynamics, see the books [3, 4, 12, 21, 22].
Despite many interesting and non-trivial developments in the dimension theory of
dynamical systems, only the case of conformal dynamics is completely understood.
Indeed, Bowen [7] and Ruelle [24] found that the Hausdorff dimension of a C1+γ
conformal repeller was a solution of an equation involving topological pressure.
The smoothness is relaxed to C1 in [14]. The study of dimension of hyperbolic sets
is analogous. Using techniques in thermodynamic formalism, in [18] MaCluskey
and Manning obtained a formula of the Hausdorff dimension of a two dimensional
hyperbolic set of a C1+γ diffeomorphism; using a different and more geometric
method, Palis and Viana relaxed the smoothness to C1 in [20]. Takens [25] proved
that the same formula also holds for lower and upper box dimensions. Using the
techniques of Markov partition and thermodynamic formalism, the same formula
was obtained for the C1+γ conformal hyperbolic set in higher dimension, see the
books [21] and [3] for detailed description.
For the non-conformal case, the study of dimension is substantially more com-
plicated and to approach it. Only upper and lower bounds of dimension of repellers
are obtained, see [2, 13, 29] for details, different version of Bowen’s equation involv-
ing topological pressure are useful in estimating the dimensions of a non-conformal
repeller. Finally, in [1], using thermodynamic formalism for sub-additive potentials
developed in [8], the authors showed that the zero of the sub-additive topological
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pressure gives an upper bound of the Hausdorff dimension of repellers, and fur-
thermore, that the upper bounds obtained in the previous works [1, 13, 29] are all
equal. See Climenhaga’s paper [11] for Bowen’s equation in estimating Hausdorff
dimension in the case of very general non-uniform setting. Recently, in [9] the
authors introduced the super-additive topological pressure, and showed that the
zero of super-additive topological pressure gives a lower bound of the Hausdorff
dimension of repellers. We refer the reader to [10] and [5] for a detailed description
of the recent progress in dimension theory of dynamical systems.
In [1], the authors introduced a concept of C1 average conformal repellers which
posses only one positive Lyapunov exponent for any ergodic measure. An example is
given in [30] to show that such a repeller is indeed non-conformal. The dimension
of an average conformal repeller is given by the zero of sub-additive topological
pressure, see [1] for details.
In this paper, we introduce a concept of C1 average conformal hyperbolic sets in
higher dimension. Roughly speaking, an average conformal hyperbolic set admits
only one positive and one negative Lyapunov exponents for any ergodic measure.
We obtain a dimension formula of such hyperbolic sets, which can be described as
the sum the dimensions of the restriction of the hyperbolic set to a stable and un-
stable manifolds. Furthermore, the dimension of a C1 average conformal hyperbolic
set varies continuously with respect to the dynamics.
1.1. Notions and Set-up. Let f : M → M be a C1 diffeomorphism on a m-
dimensional compact Riemannian manifold. For each x ∈M , the following quanti-
ties
‖Dxf‖ = sup
06=u∈TxM
‖Dxf(u)‖
‖u‖
and m(Dxf) = inf
06=u∈TxM
‖Dxf(u)‖
‖u‖
are respectively called the maximal norm and minimum norm of the differentiable
operator Dxf : TxM → TfxM , where ‖ · ‖ is the norm induced by the Riemannian
metric on M .
Now we recall some definitions and known results in hyperbolic dynamics. A
compact invariant subset Λ ⊂M is called a hyperbolic set if there exists a continu-
ous splitting of the tangent bundle TΛM = E
s⊕Eu, and constants C > 0, 0 < λ < 1
such that for every x ∈ Λ
(1) Dxf(E
s(x)) = Es(f(x)), Dxf(E
u(x)) = Eu(f(x));
(2) for all n ≥ 0, ‖Dxfn(v)‖ ≤ Cλn‖v‖ if v ∈ Es(x), and ‖Dxf−n(v)‖ ≤
Cλn‖v‖ if v ∈ Eu(x).
Here λ is called the skewness of the hyperbolicity. Given a point x ∈ Λ, for each
small β > 0, the local stable and unstable manifolds are defined as follows:
W sβ(f, x) =
{
y ∈M : d(fn(x), fn(y)) ≤ β, ∀n ≥ 0
}
,
Wuβ (f, x) =
{
y ∈M : d(f−n(x), f−n(y)) ≤ β, ∀n ≥ 0
}
.
The global unstable and stable sets of x ∈ Λ are given as follows:
Wu(f, x) =
⋃
n≥0
fn(Wuβ (f, f
−n(x))), W s(f, x) =
⋃
n≥0
f−n(W sβ (f, f
n(x))).
Let du be the metric induced by the Riemannian structure on the unstable manifold
Wu and ds the metric induced by the Riemannian structure on the stable manifold
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W s. For any ρ > 0, let Bu(x, ρ) (respectively, Bs(x, ρ)) be the ball in the unstable
(respectively, stable) manifold of radius ρ centered at x, and
Bin+1(x, ρ) = {y ∈W
i(f, x) : di(f
kx, fky) < ρ for k = 0, 1, 2, · · · , n},
where i ∈ {u, s} and n ∈ N. A hyperbolic set is called locally maximal, if there
exists a neighbourhood U of Λ such that Λ =
⋂
n∈Z f
n(U).
Let Diff1(M) be the set of all C1 diffeomorphisms from M to M , and U ⊂
Diff1(M) be a neighbourhood of f such that, for each g ∈ U , Λg =
⋂
n∈Z g
n(U) is
a locally maximal hyperbolic set for g and there is a homeomorphism hg : Λ→ Λg
which conjugates g|Λg and f |Λ, i.e., f ◦ hg = hg ◦ g, with hg C
0−close to identity
if g is C1−close to f .
For g ∈ U , let TΛgM = E
s
g
⊕
Eug be the hyperbolic splitting of Λg. The local un-
stable and stable sets of z ∈ Λg are denoted by W
u
β (g, z) and W
s
β(g, z) respectively.
These are embedded C1−disks with TzWuβ (g, z) = E
u
g (z) and TzW
s
β(g, z) = E
s
g(z).
Moreover, for i ∈ {u, s}, {W iβ(g, z) : z ∈ Λg} is continuous on g in the following
sense: there is {θig,x : x ∈ Λ} where θ
i
g,x : W
i
β(f, x) → W
i
β(g, hg(x)) is a C
1
diffeomorphism with θig,x(x) = hg(x), such that if g is C
1−close to f then, for all
x ∈ Λ, θig,x is uniformly C
1−close to the inclusion of W iβ(f, x) in M .
1.2. Dimension of Conformal Hyperbolic Sets. Roughly speaking, a hyper-
bolic set is called conformal, if the derivative of the map is a multiple of an isometry
along the stable and unstable directions (see Definition in [21]).
If Λ is a hyperbolic horseshoe of a C1+γ surface diffeomorphism f , for every
x ∈ Λ, in [18] MaCluskey and Manning proved that
dimH(W
s
β(f, x) ∩ Λ) = t
s and dimH(W
u
β (f, x) ∩ Λ) = t
u (1.1)
where ts and tu are the roots of PΛ(f, t log ‖Df |Es‖) = 0, PΛ(f,−t log ‖Df |Eu‖) = 0
respectively (here P (·) denotes the topological pressure ). Since dimEs = dimEu =
1, the local product structure is a Lipschitz homeomorphism with Lipschitz inverse.
Therefore
dimH Λ = t
s + tu. (1.2)
The equality between the Hausdorff dimension and the lower and upper box dimen-
sions is due to Takens [25]. Palis and Viana relaxed the smoothness to C1 in [20].
Their proof used Ho¨lder conjugancies between nearby hyperbolic invariant sets and
Ho¨lder stable and unstable foliations with Ho¨lder exponents close to one.
In the case of higher dimensional conformal hyperbolic sets, Pesin [21] and Bar-
reira [3] studied the dimension of a locally maximal hyperbolic invariant sets of
C1+γ conformal dynamical systems. Using techniques in thermodynamic formal-
ism, they proved the Hausdorff dimension, lower and upper box dimensions all
agree for the restriction of the hyperbolic invariant set to local stable (unstable)
manifolds. In this case, the formula (1.2) also holds.
1.3. Statement of Main Result. In this paper, we introduce the concept of av-
erage conformal hyperbolic set, i.e., it admits only one positive and one negative
Lyapunov exponents for any ergodic measure (see Definition 2.2). Using MaCluskey
andManning’s thermodynamic formalism techniques [18] and Palis and Viana’s geo-
metric methods [20], a formula of dimension of locally maximal average conformal
hyperbolic sets of a C1 diffeomorphism is obtained. We also give the estimations
of the dimensions of the restriction of C1 non-conformal hyperbolic invariant set to
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stable and unstable manifolds (see Lemma 3.5 and 3.6). Furthermore, the dimen-
sion of a C1 average conformal hyperbolic set varies continuously with respect to
the dynamics.
The following theorem gives a formula of dimension of locally maximal average
conformal hyperbolic sets of a C1 diffeomorphism. It extends Palis and Viana’s
result [20] to the case of average conformal hyperbolic sets in higher dimension. It
relaxed the smoothness of the results in Pesin’s book [21] (see also [3]) to C1. Of
course, it extends MaCluskey and Manning’s result in [18] to both higher dimension
and C1 diffeomorphisms. Furthermore, it gives the continuity of the dimension of
average conformal hyperbolic sets, which implies the continuity of the dimension of
conformal hyperbolic sets.
Theorem A. Let Λ be a locally maximal average conformal hyperbolic invariant
set of a C1 diffeomorphism f , such that f is transitive on Λ. Then for every x ∈ Λ,
dimH Λ = dimH(W
u
β (f, x) ∩ Λ) + dimH(W
s
β (f, x) ∩ Λ),
dimBΛ = dimB(W
u
β (f, x) ∩ Λ) + dimB(W
s
β (f, x) ∩ Λ),
dimBΛ = dimB(W
u
β (f, x) ∩ Λ) + dimB(W
s
β (f, x) ∩ Λ)
and dimH Λ = dimBΛ = dimBΛ. Moreover, if g
C1
−−→ f , then dimΛg → dimΛ, here
dim denotes either dimH or dimB or dimB.
The paper is organized as follows. In Section 2, we recall definitions of dimension,
topological pressure, and introduce the concept of average conformal hyperbolic
sets. In Section 3, we give the detailed proof of the main result.
2. Definitions and Preliminaries
In this section, we recall the definitions of dimension, entropy and topological
pressure. Particularly, we give the definition of average conformal hyperbolic sets
and some useful preliminary results.
2.1. Dimensions of sets. Given a subset X ⊂M . A countable family {Ui}i∈N of
open sets is a δ−cover of X if diamUi < δ for each i and their union contains X .
For any s ≥ 0, let
Hsδ(X) = inf
{ ∞∑
i=1
(diamUi)
s : {Ui
}
i≥1
is a δ − cover of X}
and
Hs(X) = lim
δ→0
Hsδ(X).
This limit exists, though the limiting value can be 0 or ∞. We call Hs(X) the
s−dimensional Hausdorff measure of X .
Definition 2.1. The following jump-up value of Hs(X)
dimH X = inf{s : H
s(X) = 0} = sup{s : Hs(X) =∞}
is called the Hausdorff dimension of X. The lower and upper box dimension of X
are defined respectively by
dimBX = lim inf
δ→0
logN(X, δ)
− log δ
and dimBX = lim sup
δ→0
logN(X, δ)
− log δ
,
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where N(X, δ) denotes the least number of balls of radius δ that are needed to cover
the set X.
2.2. Average Conformal Hyperbolic Sets. Let (M, f) and Λ be the same as
in Section 1.1. We say a diffeomorphism f on Λ is u−conformal (respectively,
s−conformal) if there exists a continuous function au(x) (respectively, as(x)) on
Λ such that Dxf |Eu(x) = a
u(x)Isomx for every x ∈ Λ (respectively, Dxf |Es(x) =
as(x)Isomx), where Isomx denotes an isometry of E
u(x) (respectively, Es(x)). A
diffeomorphism f on Λ is called conformal if it is u−conformal and s−conformal,
in this case, we also call Λ a conformal hyperbolic set of f ; otherwise, we say
that Λ is a non-conformal hyperbolic set of f . Following the idea in [1], we in-
troduce the concept of average conformal hyperbolic sets which are non-conformal
case. The average conformal concept was a generalization of quasi-conformal and
weakly conformal concept in [2, 21]. By the Oseledec multiplicative ergodic the-
orem (see [19]), there exists a total measure set O ⊂ Λ such that, for each x ∈
O and each invariant measure µ supported on Λ there exist positive integers
m1(x),m2(x), · · · ,mp(x)(x), numbers λ1(x) > λ2(x) > · · · > λp(x)(x) and a split-
ting TxM = E1(x)
⊕
E2(x)
⊕
· · ·
⊕
Ep(x)(x) satisfies that
(1) DxfEi(x) = Ei(f(x)) for each i and
∑p(x)
i=1 mi(x) = m;
(2) for each 0 6= v ∈ Ei(x) we have that
λi(x) = lim
n→∞
1
n
log ‖Dxf
n(v)‖.
Here we call the numbers {λi(x)} the Lyapunov exponents of (f, µ). In the case
that µ is an invariant ergodic measure on Λ, the numbers p(x), {mi(x)} and {λi(x)}
are constants. We denote them simply as p, {mi}
p
i=1 and {λi(µ)}
p
i=1.
Definition 2.2. A hyperbolic set Λ is called average conformal if it has two unique
Lyapunov exponents, one positive and one negative. That is, for any invariant
ergodic measure µ on Λ, the Lyapunov exponents are λ1(µ) = λ2(µ) = · · · =
λk(µ) > 0 and λk+1(µ) = λk+2(µ) = · · · = λm(µ) < 0 for some 0 < k < m.
Following the same proof of Theorem 4.2 in [1], we get the following result.
Lemma 2.1. If Λ is an average conformal hyperbolic invariant set. Let
φu(f, x) := | det(Dxf |Eu(x))|
1
d1
and
φs(f, x) := | det(Dxf |Es(x))|
1
d2
where d1 = dimE
u, d2 = dimE
s. Then for any n ∈ N,
m(Dxf
n|Ei(x)) ≤ φi(f
n, x) ≤ ‖Dxf
n|Ei(x)‖
and
lim
n→∞
1
n
(log ‖Dxf
n|Ei(x)‖ − logm(Dxf
n|Ei(x))) = 0
uniformly on Λ, for i ∈ {u, s}.
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2.3. Entropy and Pressure. We next recall Bowen’s definition of a topological
entropy h(f, Y ) for a subset Y of a compact metric space X and a continuous map
f : X → X (see [6] for more details). It is defined in a way that resembles Hausdorff
dimension. Let A be a finite open cover of X and write E ≺ A if E is contained in
some member of A. Denote nA(E) the largest non-negative integer such that
fkE ≺ A for 0 ≤ k < nA(E).
Definition 2.3. Let C = {E1, E2, · · · } be a cover of Y , for any s ≥ 0 set
DA(C, s) =
∞∑
i=1
exp[−s nA(Ei)]
and
mA,s(Y ) = lim
ε→0
inf
{
DA(C, s) : C = {E1, E2, · · · },
Y ⊂
∞⋃
i=1
Ei and e
−nA(Ei) < ε for each i
}
.
Then define hA(f, Y ) = inf{s : mA,s(Y ) = 0}. The following quantity
h(f, Y ) = sup
A
hA(f, Y )
is called the topological entropy of f on the subset Y .
Let f : X → X be a continuous transformation on a compact metric space (X, d),
and φ : X → R continuous function on X . In the following, we recall the definition
of topological pressure. A subset F ⊂ X is called an (n, ε)−separated set with re-
spect to f if for any x, y ∈ F, x 6= y, we have dn(x, y) := max0≤k≤n−1 d(fkx, fky) >
ε. A sequence of continuous functions Φ = {φn}n≥1 is called sub-additive, if
φm+n ≤ φn + φm ◦ f
n, ∀n,m ∈ N.
Furthermore, a sequence of continuous functions Φ = {φn}n≥1 is called super-
additive if −Φ = {−φn}n≥1 is sub-additive.
Definition 2.4. Let Z be a subset of X, and Φ = {φn}n≥1 a sub-additive/super-
additive potential on X, put
Pn(Z, f,Φ, ε) = sup
{∑
x∈F
eφn(x)|F ⊂ Z is an (n, ε)− separated set
}
.
The following quantity
PZ(f,Φ) = lim
ε→0
lim sup
n→∞
1
n
logPn(Z, f,Φ, ε) (2.1)
is called the upper sub-additive/super-additive topological pressure of Φ (with re-
spect to f) on the set Z.
Remark 2.1. Consider lim inf instead of lim sup in (2.1), we get a quantity PZ(f,Φ)
which is called lower sub-additive/super-additive topological pressure of Φ (with
respect to f) on Z. For any compact invariant set Z ⊂ X, we have PZ(f,Φ) =
PZ(f,Φ). The common value is denoted by PZ(f,Φ), which is called the sub-
additive/super-additive topological pressure of Φ (with respect to f) on Z. See
[2, 21] for proofs.
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Remark 2.2. If Φ = {φn}n≥1 is additive in the sense that φn(x) = φ(x) + · · · +
φ(fn−1x) for some continuous function φ : X → R, we simply denote the topolog-
ical pressures PZ(f,Φ), PZ(f,Φ) and PZ(f,Φ) as PZ(f, φ), PZ(f, φ) and PZ(f, φ)
respectively.
Let M(X) be the space of all Borel probability measures on X endowed with
the weak* topology. Let Mf(X) denote the subspace of of M(X) consisting of all
f−invariant measures. For µ ∈ Mf (X), let hµ(f) denote the entropy of f with
respect to µ, and let Φ∗(µ) denote the following limit
Φ∗(µ) = lim
n→∞
1
n
∫
φndµ.
The existence of the above limit follows from a sub-additive argument. The authors
in [8] proved the following variational principle.
Theorem 2.1. Let f : X → X be a continuous transformation on a compact
metric space X, and Φ = {φn}n≥1 a sub-additive potential on X, we have
PX(f,Φ) = sup
{
hµ(f) + Φ∗(µ) : µ ∈Mf (X), Φ∗(µ) 6= −∞
}
.
In general, it is still an open question that whether the super-additive topological
pressure satisfies the variational principle. However, in the case of average confor-
mal hyperbolic setting, following the same proof of Theorem 5.1 in [1], on can prove
the following theorem.
Theorem 2.2. Let Λ be a locally maximal average conformal hyperbolic set of a C1
diffeomorphism f . Let F = {−t log ‖Dxfn|Eu(x)‖}n≥1 for t ≥ 0 be a super-additive
potential. Then we have
PΛ(f,F) = sup
{
hµ(f) + F∗(µ) : µ ∈Mf (Λ)
}
,
where Mf (Λ) is the space of all f−invariant Borel probability measures on Λ and
F∗(µ) = lim
n→∞
1
n
∫
−t log ‖Dxf
n|Eu(x)‖dµ.
Remark 2.3. In the case of average conformal hyperbolic setting, it follows from
Lemma 2.1 and Theorems 2.1 and 2.2 that
PΛ
(
f,
{
− t log ‖Dxf
n|Eu(x)‖
})
= PΛ
(
f,
{
− t logm(Dxf
n|Eu(x))
})
for any t ≥ 0.
3. Proof of Main Result
This section provides the proof of the main result stated in Section 1.3.
The following theorem shows that the conjugacy map hg in Section 1.1 restricted
to local unstable and stable manifolds are Ho¨lder continuous.
Theorem 3.1. Let f : M →M be a C1 diffeomorphism, and Λ ⊆M a locally max-
imal average conformal hyperbolic set. Then for any r ∈ (0, 1), there is C > 0 (de-
pending on r) and a neighborhood Ufr of f in Diff
1(M) such that, for any g ∈ Ufr and
any x ∈ Λ, hg|Wu
β
(f,x)
⋂
Λ, hg|W s
β
(f,x)
⋂
Λ and (hg|Wu
β
(f,x)
⋂
Λ)
−1, (hg|W s
β
(f,x)
⋂
Λ)
−1
are (C, r)−Ho¨lder continuous.
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Proof. Let
τ := inf{φu(f, ξ) : ξ ∈W
u
β (f, x), x ∈ Λ} > 1.
For any r ∈ (0, 1), there exists ε > 0 such that τe−4ε ≥ τr . Since f is average
conformal on Λ, by Lemma 2.1 there exists a positive integer N(ε) such that for
any n ≥ N(ε) and x ∈ Λ
1 ≤
‖Dxfn|Eu(x)‖
m(Dxfn|Eu(x))
< enε and 1 ≤
‖Dxfn|Es(x)‖
m(Dxfn|Es(x))
< enε.
Fix any N ≥ N(ε), let F := fN . Since Λ is a locally maximal hyperbolic set for f ,
Λ is also a locally maximal hyperbolic set for F , and the above inequality shows
that F satisfies
1 ≤
‖DxF |Eu(x)‖
m(DxF |Eu(x))
< eNε and 1 ≤
‖DxF |Es(x)‖
m(DxF |Es(x))
< eNε for all x ∈ Λ. (3.1)
Recall that du denote the metric induced by the Riemannian structure on the
unstable foliation Wu and let DyF |Eu(y) := DyF |TyWuβ (F,x) denote the derivative
of F in the unstable direction for any y ∈Wuβ (F, x), x ∈ Λ.
For the above ε > 0, there exists δ > 0 such that the following is true for all
x ∈ Λ,
(1) for y, z ∈ Wuβ (F, x), if du(y, z) ≤ 4δ, then
e−
1
2
Nε ≤
‖DyF |Eu(y)‖
‖DzF |Eu(z)‖
≤ e
1
2
Nε and e−
1
2
Nε ≤
m(DyF |Eu(y))
m(DzF |Eu(z))
≤ e
1
2
Nε.
Take UFr a small neighborhood of F in Diff
1(M) such that for all G ∈ UFr and
x ∈ Λ, we have
(2) du
(
(θuG,x)
−1 ◦ hG(y), y
)
≤
δ
2
for every y ∈Wuβ (F, x)
⋂
Λ;
(3) e−Nε ≤
m
(
Dy((θ
u
G,F (x))
−1 ◦G ◦ θuG,x)
)
m
(
DyF |Eu(y)
) ≤ eNε for every y ∈Wuβ (F, x).
Since F satisfies (3.1) on Λ,
1 ≤
‖DyF |Eu(y)‖
m(DyF |Eu(y))
≤ e2Nε (3.2)
for every y ∈ Wuβ (F, x), x ∈ Λ. By the following Claim 3.1, there exists C > 0
(depending only on r) such that hG|Wu
β
(F,x)∩Λ, hG|W s
β
(F,x)∩Λ, (hG|Wu
β
(F,x)∩Λ)
−1
and (hG|W s
β
(F,x)∩Λ)
−1 are (C, r)−Ho¨lder continuous, for any G ∈ UFr .
Notice that F = fN and Λ is a hyperbolic set of f , thus
Wuβ (F, x) ∩ Λ = W
u
β (f, x) ∩ Λ and W
s
β(F, x) ∩ Λ = W
s
β(f, x) ∩ Λ.
One may choose a sufficiently small open neighborhood Ufr of f in Diff
1(M) such
that each g ∈ Ufr satisfies that g
N ∈ UFr . Put G := g
N . Note that hg = hG, ΛG =
Λg and so W
u
β (G, x) ∩ ΛG = W
u
β (g, x) ∩ Λg,W
s
β(G, x) ∩ ΛG = W
s
β(g, x) ∩ Λg. The
above assertions yield that hg|Wu
β
(f,x)
⋂
Λ, hg|W s
β
(f,x)
⋂
Λ and (hg|Wu
β
(f,x)
⋂
Λ)
−1,
(hg|W s
β
(f,x)
⋂
Λ)
−1 are (C, r)−Ho¨lder continuous for any g ∈ Ufr and any x ∈ Λ. 
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Claim 3.1. For the above r, F and UFr , there is C > 0 (depending only on r)
such that hG|Wu
β
(F,x)∩Λ, hG|W s
β
(F,x)∩Λ, (hG|Wu
β
(F,x)∩Λ)
−1 and (hG|W s
β
(F,x)∩Λ)
−1 are
(C, r)−Ho¨lder continuous, for any G ∈ UFr .
Proof. Let x ∈ Λ and y, z ∈Wuβ (F, x)
⋂
Λ with du(y, z) ≤ δ. For any integer n > 0,
du(F
ny, Fnz) ≤ du(y, z) ·
n−1∏
j=0
‖DξjF |Eu(ξj)‖
and
du(F
ny, Fnz) ≥ du(y, z) ·
n−1∏
j=0
m(DηjF |Eu(ηj))
where ξj , ηj are between F
jy and F jz. Let M ≥ 0 be the smallest integer such
that
du(F
My, FMz) ≤ δ < du(F
M+1y, FM+1z).
Case I: If M = 0, then by (2) we have
du
(
(θuG,x)
−1 ◦ hG(y), (θ
u
G,x)
−1 ◦ hG(z)
)
≤ du
(
(θuG,x)
−1 ◦ hG(y), y
)
+ du
(
y, z
)
+ du
(
z, (θuG,x)
−1 ◦ hG(z)
)
≤
δ
2
+ δ +
δ
2
= 2δ
≤ 2δr
< 2du
(
F (y), F (z)
)r
≤ 2‖Dξ0F |Eu(ξ0)‖
rdu(y, z)
r
= 2‖DξMF |Eu(ξM )‖
rdu(y, z)
r
Case II: If M ≥ 1, let θuj := θ
u
G,F j(x) for j ≥ 0, and by (2) we have
du
(
(θuj )
−1 ◦ hG ◦ F
j(y), (θuj )
−1 ◦ hG ◦ F
j(z)
)
≤ du
(
(θuj )
−1 ◦ hG ◦ F
j(y), F j(y)
)
+ du
(
F j(y), F j(z)
)
+ du
(
F j(z), (θuj )
−1 ◦ hG ◦ F
j(z)
)
≤
δ
2
+ δ +
δ
2
= 2δ
(3.3)
for j = 0, 1, · · · ,M . On the other hand,
du
(
(θuM )
−1 ◦ hG ◦ F
M (y), (θuM )
−1 ◦ hG ◦ F
M (z)
)
≥ du
(
(θu0 )
−1 ◦ hG(y), (θ
u
0 )
−1 ◦ hG(z)
)
·
M−1∏
j=0
m
(
Dτj
(
(θuj+1)
−1 ◦G ◦ θuj
)) (3.4)
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where τj is between (θ
u
j )
−1 ◦ hG ◦ F j(y) and (θuj )
−1 ◦ hG ◦ F j(z), 0 ≤ j ≤ M − 1.
By (2), (3.3) and the positions of ξj and τj , we have that
du(ξj , τj) ≤ du
(
ξj , F
j(y)
)
+ du
(
F j(y), (θuj )
−1 ◦ hG ◦ F
j(y)
)
+ du
(
(θuj )
−1 ◦ hG ◦ F
j(y), (θuj )
−1 ◦ hG ◦ F
j(z)
)
≤ δ +
δ
2
+ 2δ
< 4δ.
It follows from (1), (3) and (3.2) that
m
(
Dτj
(
(θuj+1)
−1 ◦G ◦ θuj
))
≥ m(DτjF |Eu(τj))e
−Nε
≥ m(DξjF |Eu(ξj))e
−2Nε
≥ ‖DξjF |Eu(ξj)‖e
−4Nε.
Since ‖DξjF |Eu(ξj)‖ ≥ φu(f
N , ξj) =
∏N−1
i=0 φu(f, f
i(ξj)) ≥ τN and τe−4ε ≥ τr ,
‖DξjF |Eu(ξj)‖
1−re−4Nε ≥ τN(1−r)e−4Nε ≥ 1.
Hence,
m
(
Dτj
(
(θuj+1)
−1 ◦G ◦ θuj
))
≥ ‖DξjF |Eu(ξj)‖e
−4Nε ≥ ‖DξjF |Eu(ξj)‖
r.
Combine (3.3) and (3.4) that
du
(
(θu0 )
−1 ◦ hG(y), (θ
u
0 )
−1 ◦ hG(z)
)
·
M−1∏
j=0
‖DξjF |Eu(ξj)‖
r
≤ du
(
(θu0 )
−1 ◦ hG(y), (θ
u
0 )
−1 ◦ hG(z)
)
·
M−1∏
j=0
m
(
Dτj
(
(θuj+1)
−1 ◦G ◦ θuj
))
≤ du
(
(θuM )
−1 ◦ hG ◦ F
M (y), (θuM )
−1 ◦ hG ◦ F
M (z)
) (
by (3.4)
)
≤ 2δ
(
by (3.3)
)
≤ 2δr
< 2[du(F
M+1y, FM+1z)]r
≤ 2[du(y, z)]
r
M∏
j=0
‖DξjF |Eu(ξj)‖
r.
Hence, we have
du((θ
u
0 )
−1 ◦ hG(y), (θ
u
0 )
−1 ◦ hG(z)) ≤ 2‖DξMF |Eu(ξM )‖
r · [du(y, z)]
r
≤ 2‖DξMF |Eu(ξM )‖ · [du(y, z)]
r.
Combing the two cases, we conclude that
du
(
hG(y), hG(z)
)
= du
(
θu0 ◦ (θ
u
0 )
−1 ◦ hG(y), θ
u
0 ◦ (θ
u
0 )
−1 ◦ hG(z)
)
≤ C[du(y, z)]
r
where C = 2 sup
{
‖DξF |Eu(ξ)‖ : ξ ∈ W
u
β (F, x), x ∈ Λ
}
· sup
{
‖DξθuG,x‖ : G ∈
UFr , x ∈ Λ
}
. This shows that the map hG|Wu
β
(F,x)∩Λ is (C, r)−Ho¨lder continuous.
The Ho¨lder continuity of hG|W s
β
(F,x)∩Λ, (hG|Wu
β
(F,x)∩Λ)
−1 and (hG|W s
β
(F,x)∩Λ)
−1
can be proven in a similar fashion. 
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Recall the holonomy maps of unstable and stable foliations which are Lipschitz or
Ho¨lder continuous. Let Fu, Fs be the unstable and stable foliations of hyperbolic
dynamical system (f,Λ). For x, y ∈ Λ with x close to y, let Fsloc(f, x) and F
s
loc(f, y)
be the local stable foliations of x and y. Define the map h : Fsloc(f, x)→ F
s
loc(f, y),
sending z to h(z) by sliding along the leaves of Fu. The map h is called the
holonomy map of Fu. The map h is Lipschitz continuous if
dy
(
h(z1), h(z2)
)
≤ Ldx(z1, z2),
where z1, z2 ∈ Fsloc(f, x) and dx, dy are natural metrics on F
s
loc(f, x), F
s
loc(f, y),
path metrics with respect to a fixed Riemannian structure on M . The constant L
is the Lipschitz constant, and it is independent of the choice of Fs. The map h is
α−Ho¨lder continuous if
dy
(
h(z1), h(z2)
)
≤ Hdx(z1, z2)
α,
where H is the Ho¨lder constant. Similarly we can define the holonomy map of Fs.
In [15], authors prove the regularity of foliations for C2−diffeomorphism. Define
four quantities:
af = ‖Df
−1|Eu‖ < 1, bf = ‖Df |Es‖ < 1,
cf = ‖Df |Eu‖ > 1, df = ‖Df
−1|Es‖ > 1.
Lemma 3.1 (Theorem 6.3, [15]). Let f : M → M be a C2−diffeomorphism, and
Λ ⊂M be a locally maximal hyperbolic set. If afbfcf < 1, then the stable foliation
is C1. If afbfdf < 1, then the unstable foliation is C
1.
Remark 3.1. If the unstable and stable foliations are C1, by Theorem 5.1 and
Section 6 in [23], the corresponding holonomy maps are locally uniformly C1. Thus
the corresponding holonomy maps are Lipschitz continuous. For more information
about the regularity of unstable and stable foliations, we refer to [15, 16, 23] for
detailed description.
The following two results are well-known in the field of fractal geometry, e.g.,
see Falconer’s book [12] for proofs.
Lemma 3.2. Let X and Y be metric spaces. For any r ∈ (0, 1), Φ : X → Y is an
onto, (c, r)-Ho¨lder continuous map for some c > 0. Then dimH Y ≤ r−1 dimH X,
dimBY ≤ r
−1dimBX and dimBY ≤ r
−1dimBX.
Corollary 3.1. Let X and Y be metric spaces, and Φ : X → Y is an onto,
Lipschitz continuous map. Then
dimH Y ≤ dimH X, dimBY ≤ dimBX and dimBY ≤ dimBX.
Using Theorem 3.1 and the transitive property, the following theorem holds.
Theorem 3.2. Let f :M →M be a C1 diffeomorphism, and Λ ⊆M a locally maxi-
mal average conformal hyperbolic set. Then dimH
(
Wuβ (f, x)∩Λ
)
, dimB
(
Wuβ (f, x)∩
Λ
)
and dimB
(
Wuβ (f, x)∩Λ
)
are continuous functions of f ∈ Diff1(M), independent
of β and x. Moreover,
dimH
(
Wuβ (f, x) ∩ Λ
)
= dimB
(
Wuβ (f, x) ∩ Λ
)
= dimB
(
Wuβ (f, x) ∩ Λ
)
.
The same statements for W sβ(f, x) ∩ Λ hold.
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To prove Theorem 3.2, we need two lemmas as follow. Take a small number
ε > 0 with λe2ε < 1, where λ is the skewness of the hyperbolicity defined in Section
1.1. Since f is average conformal on Λ, by Lemma 2.1 there exists a positive integer
N(ε) such that for any n ≥ N(ε) and x ∈ Λ
1 ≤
‖Dxfn|Eu(x)‖
m(Dxfn|Eu(x))
< enε and 1 ≤
‖Dxfn|Es(x)‖
m(Dxfn|Es(x))
< enε.
Fixing any n ≥ N(ε), let F := fn. Then F satisfies (3.1). Since Λ is a locally
maximal hyperbolic set for f , Λ is also a locally maximal hyperbolic set for F .
Then we have Lemma 3.3 and 3.4.
Lemma 3.3. Let f : M → M be a C2 diffeomorphism, and Λ ⊆ M a locally
maximal average conformal hyperbolic set. For small ε > 0 with λe2ε < 1, there
exists a positive integer N(ε) such that any n ≥ N(ε), the holonomy maps of the
stable and unstable foliations for F := fn are Lipschitz continuous respectively.
Proof. Since F satisfies (3.1),
‖DF |Ei‖
m(DF |Ei)
≤ enε for i ∈ {u, s}. Since ‖DF |Es‖ ≤ λn
and ‖DF−1|Eu‖ ≤ λ
n, we conclude
aF bF cF =
‖DF |Eu‖ · ‖DF |Es‖
m(DF |Eu)
≤ enελn < 1,
aF bFdF =
‖DF |Es‖
m(DF |Eu) ·m(DF |Es)
≤ enελn < 1.
The desired result follows from Lemma 3.1 and Remark 3.1 immediately. 
Lemma 3.4. Let f : M → M be a C1 diffeomorphism, and Λ ⊆ M a locally
maximal average conformal hyperbolic set. For small ε > 0 with λe2ε < 1, there
exists a positive integer N(ε) such that any n ≥ N(ε), dimH
(
Wuβ (F, x) ∩ Λ
)
,
dimB
(
Wuβ (F, x) ∩ Λ
)
and dimB
(
Wuβ (F, x) ∩ Λ
)
are independent of β and x. The
same statements for W sβ (F, x) ∩ Λ hold. (Here F := f
n)
Proof. For any r ∈ (0, 1), pick a C2 diffeomorphism G that is C1-close to F such
that for all x ∈ ΛG (where ΛG is a locally maximal hyperbolic set of G),
1 ≤
‖DxG|Ei
G
(x)‖
m(DxG|Ei
G
(x))
≤ e(n+1)ε, i ∈ {u, s}.
As in the proof of Lemma 3.3, we can get
aGbGcG =
‖DG|Eu
G
‖ · ‖DG|Es
G
‖
m(DG|Eu
G
)
≤ e2nελn < 1,
aGbGdG =
‖DG|Es
G
‖
m(DG|Eu
G
) ·m(DG|Es
G
)
≤ e2nελn < 1.
Therefore the holonomy maps of stable foliation Fs and unstable foliation Fu for
G are Lipschitz.
Let x0 ∈ ΛG be a transitive point. We claim that dimH
(
Wuβ (G,G
jx0) ∩ ΛG
)
is
independent of j ≥ 0 and small β > 0. In fact, since Gj is a C2 diffeomorphism,
there exists some small β′ > 0 such that
Wuβ (G,G
jx0) ∩ ΛG = G
j
(
Wuβ′(G, x0) ∩ ΛG
)
.
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Take M ≥ 1 such that GM (x0) is sufficiently close to x0. Since GM is Lipschitz
and the holonomy map of Fs is Lipschitz, by Corollary 3.1,
dimH
(
Wuβ (G, x0) ∩ ΛG
)
≤ dimH
(
Wuβ0(G,G
Mx0) ∩ ΛG
)
= dimH
(
GM (Wuβ′
0
(G, x0) ∩ ΛG)
)
≤ dimH
(
Wuβ′
0
(G, x0) ∩ ΛG
)
for some β0 > 0, β
′
0 > 0. Moreover, by taking M arbitrarily large, we can suppose
that β0 is close to β and β
′
0 is arbitrarily small. Therefore dimH
(
Wuβ (G, x0)∩ΛG
)
is independent of small β > 0. Since Gj is bi-Lipschitz continuous,
dimH
(
Wuβ′(G, x0) ∩ ΛG
)
= dimH
(
Wuβ (G,G
jx0) ∩ ΛG
)
.
The claim now immediately follows.
Take any x ∈ ΛG and choose j ≥ 0 such that Gjx0 is close to x. Since the
holonomy map of Fs is Lipschitz,
dimH
(
Wuβ1(G,G
jx0) ∩ ΛG
)
≤ dimH
(
Wuβ (G, x) ∩ ΛG
)
≤ dimH
(
Wuβ2(G,G
jx0) ∩ ΛG
)
for some β1 > 0, β2 > 0 close to β. By the claim above, we have that
dimH
(
Wuβ (G, x0) ∩ ΛG
)
= dimH
(
Wuβ (G, x) ∩ ΛG
)
.
Hence dimH
(
Wuβ (G, x) ∩ ΛG
)
is independent of x and β.
By Claim 3.1, hG|Wu
β
(F,x)∩Λ :W
u
β (F, x)∩Λ →W
u
β (G, hG(x))∩ΛG and its inverse
are (C, r)−Ho¨lder continuous for some C > 0. Notice that r can be arbitrarily close
to 1. By Lemma 3.2 and the above argument, we have that dimH
(
Wuβ (F, x)∩Λ
)
is
independent of β and x. Similarly, dimB
(
Wuβ (F, x) ∩ Λ
)
and dimB
(
Wuβ (F, x) ∩ Λ
)
are independent of β and x. 
Proof of Theorem 3.2. We only prove the statements for dimensions of unstable
manifolds, since the other statements for dimensions of stable manifolds can be
proven in a similar fashion.
First of all, we prove the continuity of the dimensions with respect to f . For
any r ∈ (0, 1), take a C1 diffeomorphism g that is C1−close to f , and let Λg be a
locally maximal hyperbolic set for g. By Theorem 3.1, the map hg : W
u
β (f, x)∩Λ→
Wuβ (g, hg(x)) ∩Λg and its inverse are (C, r)−Ho¨lder continuous for some C > 0. It
follows from Lemma 3.2 that
r · dimH
(
Wuβ (f, x)∩Λ
)
≤ dimH
(
Wuβ (g, hg(x))∩Λg
)
≤ r−1 · dimH
(
Wuβ (f, x)∩Λ
)
.
Therefore dimH
(
Wuβ (f, x) ∩ Λ
)
is a continuous function of f . Similarly we have
that dimB
(
Wuβ (f, x) ∩ Λ
)
and dimB
(
Wuβ (f, x) ∩ Λ
)
are continuous functions of
f ∈ Diff1(M).
To prove that dimH(W
u
β (f, x) ∩ Λ) is independent of β and x. Take ε ∈
(0,− 12 logλ), where λ is the skewness of the hyperbolicity. Since f is average
conformal on Λ, by Lemma 2.1, we choose a positive integer 2k ≥ N(ε) such that
for any x ∈ Λ
1 ≤
‖DxF |Eu(x)‖
m(DxF |Eu(x))
< e2
kε and 1 ≤
‖DxF |Es(x)‖
m(DxF |Es(x))
< e2
kε,
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here F := f2
k
. In fact Λ is a locally maximal hyperbolic set for f , Λ is also a locally
maximal hyperbolic set for F . Notice that
Wuβ (F, x) ∩ Λ =W
u
β (f, x) ∩ Λ and W
s
β(F, x) ∩ Λ =W
s
β (f, x) ∩ Λ. (3.5)
By Lemma 3.4, dimH
(
Wuβ (f, x)∩Λ
)
, dimB
(
Wuβ (f, x)∩Λ
)
and dimB
(
Wuβ (f, x)∩Λ
)
are independent of β and x.
Finally, we prove the last statement that
dimH(W
u
β (f, x) ∩ Λ) = dimB(W
u
β (f, x) ∩ Λ) = dimB(W
u
β (f, x) ∩ Λ).
By (3.5), Lemmas 3.5 and 3.6 below, for each x ∈ Λ,
tku ≤ dimH(W
u
β (f, x) ∩ Λ) ≤ dimB(W
u
β (f, x) ∩ Λ) ≤ dimB(W
u
β (f, x) ∩ Λ) ≤ t
k
u
where tku is the unique root of the equation PΛ(F,−t log ‖DxF |Eu‖) = 0, and t
k
u is
the unique root of equation PΛ(F,−t logm(DxF |Eu)) = 0. Using the same argu-
ments as in the proof of Theorem 6.2, Theorem 6.3 and Theorem 6.4 in [1], one can
prove that the sequences {tku} and {t
k
u} are monotone and
lim
k→∞
tku = lim
k→∞
t
k
u := tu. (3.6)
Therefore dimH(W
u
β (f, x)∩Λ) = dimB(W
u
β (f, x)∩Λ) = dimB(W
u
β (f, x)∩Λ) = tu.
This completes the proof of Theorem 3.2. 
Remark 3.2. Using the same arguments as the proof of Theorem 6.3 in [1], one can
show that the limit point tu in (3.6) is exactly the unique solution of the following
equation
PΛ
(
f,−t
{
logm
(
Dxf
n|Eu(x)
)})
= 0.
This implies that the dimensions dimH(W
u
β (f, x) ∩ Λ), dimB(W
u
β (f, x) ∩ Λ) and
dimB(W
u
β (f, x)∩Λ) are give by the unique zero of PΛ
(
f,−t
{
logm
(
Dxf
n|Eu(x)
)})
.
Similarly, for any small β > 0 and every x ∈ Λ one can prove that
dimH(W
s
β (f, x) ∩ Λ) = dimB(W
s
β (f, x) ∩ Λ) = dimB(W
s
β (f, x) ∩ Λ) = ts,
where ts is the unique solution of the following equation
PΛ
(
f, t
{
log ‖Dxf
n|Es(x)‖
})
= 0.
Remark 3.3. Since tu is the unique zero of PΛ
(
f,−t
{
logm
(
Dxf
n|Eu(x)
)})
,
tu = sup
{ hµ(f)
lim
n→∞
1
n
∫
logm
(
Dxf
n|Eu(x)
)
dµ(x)
: µ ∈ Mf(Λ)
}
(by Theorem 2.2)
= sup
{ hµ(f)∫
logφu(f, x)dµ(x)
: µ ∈ Mf(Λ)
}
(by Lemma 2.1)
= sup
{ hµ(f)
lim
n→∞
1
n
∫
log ‖Dxf
n|Eu(x)‖dµ(x)
: µ ∈ Mf(Λ)
}
(by Lemma 2.1)
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where Mf (Λ) is the space of all f−invariant measures on Λ. By considering f−1,
one can similarly show that
ts = sup
{ hµ(f)
− lim
n→∞
1
n
∫
logm
(
Dxf
n|Es(x)
)
dµ(x)
: µ ∈Mf (Λ)
}
= sup
{ hµ(f)
−
∫
log φs(f, x)dµ(x)
: µ ∈Mf (Λ)
}
= sup
{ hµ(f)
− lim
n→∞
1
n
∫
log ‖Dxf
n|Es(x)‖dµ(x)
: µ ∈Mf (Λ)
}
.
Lemma 3.5. Let f : M → M be a C1 diffeomorphism, and Λ ⊆ M a locally
maximal hyperbolic set. Then
dimH
(
Wuβ (f, x) ∩ Λ
)
≥ t∗
where t∗ is the unique root of PΛ(f,−t log ‖Dxf |Eu(x)‖) = 0.
Proof. Let φu(x) := log ‖Dxf |Eu(x)‖, and let µ be an ergodic equilibrium state of
the topological pressure PΛ(f,−t∗φ
u(x)) and
Gµ =
{
x ∈ Λ :
1
n
n−1∑
i=0
δfix → µ as n→∞
}
.
By the variational principle of topological pressure, we have that
t∗ =
hµ(f)∫
log ‖Dxf |Eu(x)‖dµ
.
Given ε > 0. Let A be a covering of Λ by open sets on each of which φu(x) varies
by at most ε. Denote λu :=
∫
φudµ. Let l be a Lebesgue number for A. Take any
ball W in any unstable manifold and choose m so large that
fmW ∩W s1
2
l
(f, x) 6= ∅ for every x ∈ Λ.
For each r ≥ 1, define
Gµ,r =
{
x ∈ Gµ
∣∣∣ | 1
m
m−1∑
i=0
φu(f ix)− λu| < ε for m ≥ r
}
,
it is clear that Gµ,r ⊂ Gµ,r+1. Since fm is C1 diffeomorphism, by Corollary 3.1,
dimH(f
mW ∩Gµ,r) ≤ dimH(f
mW ∩ Λ) = dimH(W ∩ Λ) := d
for every r ≥ 1. For each r, we can choose a cover Ur of fmW ∩ Gµ,r by open set
in fmW satisfying ∑
U∈Ur
(diamU)d+ε < 2−r.
For each U ∈ Ur, define U∗ =
⋃
x∈U∩ΛW
s
1
2
l
(f, x). For any integer n ≥ 0, if
diamfnU < l, then diamfnU∗ < l. Hence, fnU∗ is contained in some element of
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A. For each U ∈ Ur, ∃ y ∈ U and z ∈ U ∩Gµ,r such that
diamfnA(U
∗)U ≤ ‖Dyf
nA(U
∗)|Eu(y)‖ diamU
≤
( nA(U∗)−1∏
i=0
‖Dfiyf |Eu(fiy)‖
)
· diamU
≤
( nA(U∗)−1∏
i=0
‖Dfizf |Eu(fiz)‖
)
· enA(U
∗)ε diamU.
We may choose Ur fine enough so that nA(U∗) > r. By the definition of U∗ and
nA(U
∗), we have l ≤ diamfnA(U
∗)U . Otherwise, fnA(U
∗)U∗ is contained in some
element of A, which contradicts with the definition of nA(U∗). Hence
l ≤ e(λ
u+2ε)nA(U
∗)diamU.
Hence ∑
U∈Ur
exp[−(λu + 2ε)(d+ ε) · nA(U
∗)]
≤ l−(d+ε)
∑
U∈Ur
(diamU)d+ε
≤ l−(d+ε)2−r.
For each y ∈ Gµ, there exists x ∈ f
mW ∩ Gµ,r for all sufficiently large r > 0 such
that y ∈ W sl
2
(f, x). Let U∗q = {U
∗| U ∈ Ur, r > q}. Then U∗q is a cover of Gµ and
∑
U∗∈U∗q
exp[−(d+ ε)(λu + 2ε) · n(U∗)] ≤ l−(d+ε)
∑
r>q
2−r ≤ l−(d+ε)2−q.
Thus hA(f,Gµ) ≤ (d+ ε)(λu + 2ε). It follows that
h(f,Gµ) ≤ (d+ ε)(λ
u + 2ε).
Since hµ(f) = h(f,Gµ) (see [6] for the proof), we have that
hµ(f) ≤ (d+ ε)(λ
u + 2ε).
Since ε is arbitrary, we have that
d ≥
hµ(f)
λu
= t∗,
which implies the desired result. 
Lemma 3.6. Let f : M → M be a C1 diffeomorphism, and Λ ⊆ M a locally
maximal hyperbolic set. Then
dimB
(
Wuβ (f, x) ∩ Λ
)
≤ t∗
where t∗ is the unique real number such that PΛ
(
f,−t logm(Dxf |Eu(x))
)
= 0.
Proof. Denote d := dimB
(
Wuβ (f, x) ∩ Λ
)
, assume that d > 0, otherwise there is
nothing to prove. For a small number η > 0 with d − 3η > 0, from the definition
of upper box dimension, for each sufficiently large l, there exists 0 < rl < 1/l such
that
N
(
Wuβ (f, x) ∩ Λ, rl
)
≥ r−d+ηl
16
where N
(
Wuβ (f, x) ∩ Λ, rl
)
denotes the minimal number of balls of radius rl that
are needed to cover Wuβ (f, x) ∩ Λ.
Let {x1, x2, · · · , xN} be a maximal (1, rl)−separated subset ofWuβ (f, x)∩Λ, then
the balls {Bu(xi, rl/2)}Ni=1 are mutually disjoint and W
u
β (f, x)∩Λ ⊂
N⋃
i=1
Bu(xi, rl).
This implies that
N ≥ N
(
Wuβ (f, x) ∩ Λ, rl
)
≥ r−d+ηl .
For a small ε > 0, there exists ρ > 0 such that
e−ε <
m(Dxf |Eu(x))
m(Dyf |Eu(y))
< eε
provided that du(x, y) < ρ. For each 1 ≤ i ≤ N , there exists a positive integer ni
so that
Buni+2(xi, ρ) ⊂ B
u(xi, rl/2) but B
u
ni+1(xi, ρ) * B
u(xi, rl/2).
Therefore, there exists y ∈ Buni+1(xi, ρ) such that
du(xi, y) > rl/2 and du(f
nixi, f
niy) < ρ.
Note that there exists ξi ∈ Buni+1(xi, ρ) such that
λ−ni ≤ m(Dξif
ni |Eu(ξi)) ≤
du(f
nixi, f
niy)
du(xi, y)
<
2ρ
rl
.
Hence ni ≤
log 2ρ
rl
− logλ
.
On the other hand, since fni+1 : Buni+2(xi, ρ) → B
u(fni+1xi, ρ) is a diffeomor-
phism and Buni+2(xi, ρ) ⊂ B
u(xi, rl/2), there exists z ∈ Buni+2(xi, ρ) so that
du(f
ni+1xi, f
ni+1z) = ρ.
Thus we have
ρ = du(f
ni+1xi, f
ni+1z) ≤ Cni+11 du(xi, z) ≤ C
ni+1
1 rl/2
where C1 = max
x∈Λ
||Dxf |Eu(x)||. Therefore, we have ni ≥
log 2ρ
rl
logC1
− 1.
Let B =
log 2ρ
rl
− logλ
−
log 2ρ
rl
logC1
+ 1. We now think of having N balls and B baskets.
Then there exists a basket containing at least
N
B
balls. This implies that there
exists a positive integer
log 2ρ
rl
logC1
− 1 ≤ n ≤
log 2ρ
rl
− logλ
such that
Card{j|nj = n} ≥
N
B
≥
r−d+ηl
B
≥ r−d+2ηl
the last inequality holds since l is sufficiently large. Since Buni+2(xi, ρ) ⊂ B
u(xi, rl/2)
and the balls {Bu(xi, rl/2)}
N
i=1 are disjoint, we have that the set E := {xi : ni = n}
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is an (n+ 2, ρ)−separated subset of Wuβ (f, x) ∩ Λ . Hence
Pn+2
(
Wuβ (f, x) ∩ Λ, f,−(d− 3η) logm(Dxf |Eu), ρ
)
≥
∑
xi∈E
n+1∏
k=0
m
(
Dfk(xi)f |Eu(fkxi)
)−(d−3η)
≥
∑
xi∈E
C−d+3η2 e
−εn(d−3η)
n∏
k=0
m
(
Dfk(ξi)f |Eu(fkξi)
)−(d−3η)
≥ C−d+3η2
∑
xi∈E
m
(
Dξif
n|Eu(ξi)
)−(d−2η)
≥ C−d+3η2
(2ρ
rl
)−(d−2η)
r−d+2ηl
= C−d+3η2 (2ρ)
−(d−2η) > 0,
where C2 = max
x∈Λ
m(Dxf |Eu(x)). It immediately follows that
PWu
β
(f,x)∩Λ
(
f,−(d− 3η) logm(Dxf |Eu(x))
)
≥ 0.
Hence
PΛ
(
f,−(d− 3η) logm(Dxf |Eu(x))
)
≥ 0.
Thus t∗ ≥ d− 3η. The arbitrariness of η yields that t∗ ≥ d. 
Theorem 3.3. Let f : M → M be a C1 diffeomorphism, and Λ ⊆ M be a locally
maximal average conformal hyperbolic set. Let pis and piu be the holonomy maps
of stable and unstable foliations for f , i.e. for any x ∈ Λ, x′ ∈ W sβ(f, x) and
x′′ ∈Wuβ (f, x)close to x,
pis : Wuβ (f, x) ∩ Λ→W
u
β (f, x
′) ∩ Λ with pis(y) = W sβ(f, y) ∩W
u
β (f, x
′)
and
piu : W sβ (f, x) ∩ Λ→W
s
β (f, x
′′) ∩ Λ with piu(z) =Wuβ (f, z) ∩W
s
β(f, x
′′).
Then for any γ ∈ (0, 1), there exists Dγ > 0 such that pis, (pis)−1, piu and (piu)−1
are (Dγ , γ)−Ho¨lder continuous.
Proof. Since f is average conformal on Λ, by Lemma 2.1 , for any ε ∈ (0,− logλ)
we choose a positive integer N ≥ N(ε) such that
1 ≤
‖DxF |Eu(x)‖
m(DxF |Eu(x))
< eNε and 1 ≤
‖DxF |Es(x)‖
m(DxF |Es(x))
< eNε, ∀x ∈ Λ,
here F := fN . In fact Λ is a locally maximal hyperbolic set for f , Λ is also a locally
maximal hyperbolic set for F . Thus
Wuβ (F, x) ∩ Λ = W
u
β (f, x) ∩ Λ, W
s
β(F, x) ∩ Λ =W
s
β (f, x) ∩ Λ.
Therefore pis is also a map from Wuβ (F, x) ∩ Λ to W
u
β (F, x
′) ∩ Λ, and piu is also a
map from W sβ (F, x) ∩ Λ to W
s
β (F, x
′′) ∩ Λ as follows:
pis(y) = W sβ(F, y) ∩W
u
β (F, x
′) and piu(z) =Wuβ (F, z) ∩W
s
β (F, x
′′).
For any γ ∈ (0, 1), let UFγ be a small C
1 neighborhood of F . Taking G ∈
UFγ ∩Diff
2(M), by Claim 3.1, Lemma 3.3 and Remark 3.1 we have
18
(1) hG|Wu
β
(F,x)∩Λ and
(
hG|Wu
β
(F,x)∩Λ
)−1
are (Cγ , γ)−Ho¨lder continuous for some
Cγ > 0.
(2) The stable foliation {W s(G, z) : z ∈ ΛG} is invariant and C1. Thus, the
holonomy map pisG : W
u
β (G, hG(x)) ∩ ΛG → W
u
β (G, hG(x
′)) ∩ ΛG defined
as pisG(z) := W
s
β(G, z) ∩W
u
β (G, hG(x
′)) is Lipschitz.
Therefore for any y ∈Wuβ (F, x) ∩ Λ,
hG
(
pis(y)
)
= hG
(
W sβ (F, y) ∩W
u
β (F, x
′)
)
= W sβ
(
G, hG(y)) ∩W
u
β (G, hG(x
′)
)
= pisG
(
hG(y)
)
.
For the above γ, there exists Dγ > 0 such that pi
s = h−1G ◦pi
s
G◦hG is (Dγ , γ)−Ho¨lder
continuous. Using the same arguments, one can prove that (pis)−1, piu and (piu)−1
are also (Dγ , γ)−Ho¨lder continuous. 
We proceed to prove Theorem A.
Proof of Theorem A. Step 1. We claim that
dimH Ax = dimH
(
Wuβ (f, x) ∩ Λ
)
+ dimH
(
Wuβ (f, x) ∩ Λ
)
= dimBAx = dimB
(
Wuβ (f, x) ∩ Λ
)
+ dimB
(
Wuβ (f, x) ∩ Λ
)
= dimBAx = dimB
(
Wuβ (f, x) ∩ Λ
)
+ dimB
(
Wuβ (f, x) ∩ Λ
)
where Ax =
(
Wuβ (f, x)∩Λ
)
×
(
W sβ(f, x)∩Λ
)
is a product space. By the definitions
of dimension, we have that
dimBAx ≤ dimB
(
Wuβ (f, x) ∩ Λ
)
+ dimB
(
W sβ (f, x) ∩ Λ
)
and
dimH Ax ≥ dimH
(
Wuβ (f, x) ∩ Λ
)
+ dimH
(
W sβ (f, x) ∩ Λ
)
.
See Theorem 6.5 in [21] for proofs. Combining Theorem 3.2 and the fact that
dimH Ax ≤ dimBAx ≤ dimBAx, we have
dimH Ax = dimH
(
Wuβ (f, x) ∩ Λ
)
+ dimH
(
Wuβ (f, x) ∩ Λ
)
= dimBAx = dimB
(
Wuβ (f, x) ∩ Λ
)
+ dimB
(
Wuβ (f, x) ∩ Λ
)
= dimBAx = dimB
(
Wuβ (f, x) ∩ Λ
)
+ dimB
(
Wuβ (f, x) ∩ Λ
)
Thus the claim holds.
Step 2. We prove for any x ∈ Λ,
dimH Λ = dimH
(
Wuβ (f, x) ∩ Λ
)
+ dimH
(
W sβ(f, x) ∩ Λ
)
= dimBΛ = dimB
(
Wuβ (f, x) ∩ Λ
)
+ dimB
(
W sβ(f, x) ∩ Λ
)
= dimBΛ = dimB
(
Wuβ (f, x) ∩ Λ
)
+ dimB
(
W sβ(f, x) ∩ Λ
)
.
(3.7)
Let Φ : Ax → Λ be given by Φ(y, z) = W sβ(f, y)∩W
u
β (f, z). It is easy to see Φ is
a homeomorphism onto a neighborhood Vx of x in Λ. We claim that Φ and Φ
−1 are
(Eγ , γ)−Ho¨lder continuous for any γ ∈ (0, 1) and some Eγ > 0. This yields that
γ · dimH Ax ≤ dimH Vx ≤ γ
−1 · dimH Ax,
γ · dimBAx ≤ dimBVx ≤ γ
−1 · dimBAx,
γ · dimBAx ≤ dimBVx ≤ γ
−1 · dimBAx.
19
Letting γ → 1, we have that
dimH Vx = dimH Ax, dimBVx = dimBAx and dimBVx = dimBAx.
Since {Vx : x ∈ Λ} is an open cover of Λ, one can choose a finite open cover
{Vx1 , Vx2 , · · · , Vxk} of Λ. It follows from Theorem 3.2 that
dimH Λ = max
1≤i≤k
dimH Vxi = dimH Vx = dimH Ax, (3.8)
dimBΛ = max
1≤i≤k
dimBVxi = dimBVx = dimBAx (3.9)
and
dimBΛ = max
1≤i≤k
dimBVxi = dimBVx = dimBAx. (3.10)
Therefore for any x ∈ Λ,
dimH Λ = dimH
(
Wuβ (f, x) ∩ Λ
)
+ dimH
(
W sβ(f, x) ∩ Λ
)
= dimBΛ = dimB
(
Wuβ (f, x) ∩ Λ
)
+ dimB
(
W sβ(f, x) ∩ Λ
)
= dimBΛ = dimB
(
Wuβ (f, x) ∩ Λ
)
+ dimB
(
W sβ(f, x) ∩ Λ
)
.
It suffices to prove the claim above. Let y1, y2 ∈ Wuβ (f, x) ∩ Λ and z1, z2 ∈
W sβ(f, x)∩Λ. Denote w1 = Φ(y1, z1), w2 = Φ(y2, z2), w =W
u
β (f, w1)∩W
s
β (f, w2) =
Φ(y2, z1). By Theorem 3.3, it has
d(w1, w2) ≤ du(w,w1) + ds(w,w2)
≤ Dγdu(y1, y2)
γ +Dγds(z1, z2)
γ
≤ 2Dγ max{du(y1, y2), ds(z1, z2)}
γ .
This proves the Ho¨lder continuity of Φ. On the other hand, the fact that there
exists k > 0 such that
d(w1, w2) ≥ kmax{du(w,w1), ds(w,w2)},
and Theorem 3.3 implies that
max{du(y1, y2), ds(z1, z2)}
≤ max{Dγdu(w,w1)
γ , Dγds(w,w2)
γ}
≤ Dγk
−1d(w1, w2)
γ .
So (Φ)−1 is (Dγk
−1, γ)−Ho¨lder continuous. Taking Eγ = max
{
2Dγ , Dγk
−1
}
, thus
Φ and (Φ)−1 are (Eγ , γ)−Ho¨lder continuous.
Step 3. We prove the last assertion that the dimensions of an average conformal
hyperbolic set varies continuous with respect to f . Since f is average conformal on
Λ, for any ε ∈ (0,− 12 logλ), by Lemma 2.1 we choose a positive integer N ≥ N(ε)
such that for any x ∈ Λ
1 ≤
‖DxF |Eu(x)‖
m(DxF |Eu(x))
< e
N
2
ε and 1 ≤
‖DxF |Es(x)‖
m(DxF |Es(x))
< e
N
2
ε,
here F := fN . Since Λ is a locally maximal hyperbolic set for f , Λ is also a
locally maximal hyperbolic set for F . Then there exists a neighborhood UF of F
in Diff1(M) such that for any G ∈ UF ,
1 ≤
‖DxG|Eu(x)‖
m(DxG|Eu(x))
< eNε and 1 ≤
‖DxG|Es(x)‖
m(DxG|Es(x))
< eNε for any x ∈ ΛG,
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where ΛG is a locally maximal hyperbolic invariant set of G. By Lemma 3.4,
dimH(W
u
β (G, x)∩ΛG), dimB(W
u
β (G, x)∩ΛG) and dimB(W
u
β (G, x)∩ΛG) are inde-
pendent of β and x. The same statements for W sβ (G, x) ∩ ΛG hold.
Let ΦG :
(
Wuβ (G, x) ∩ ΛG
)
×
(
W sβ(G, x) ∩ ΛG
)
→ ΛG given by ΦG(y, z) =
W sβ(G, y)∩W
u
β (G, z). It is clear that Φ
G is a homeomorphism onto a neighborhood
V Gx of x in ΛG. Let pi
s
G and pi
u
G be the holonomy maps of stable and unstable folia-
tions for G. In fact G satisfies (3.1), for any r ∈ (0, 1), as in the proof of Theorem
3.3, we have pisG, (pi
s
G)
−1, piuG and (pi
u
G)
−1 are (Dr, r)−Ho¨lder continuous for some
Dr > 0. Using the proof of the Ho¨lder continuity of Φ and Φ
−1 as above, one can
prove that the map ΦG and its inverse (ΦG)−1 are (EGr , r)−Ho¨lder continuous for
some EGr > 0. This yields that
r · dim
((
Wuβ (G, x) ∩ ΛG
)
×
(
W sβ (G, x) ∩ ΛG
))
≤ dimV Gx
≤ r−1 · dim
((
Wuβ (G, x) ∩ ΛG
)
×
(
W sβ(G, x) ∩ ΛG
))
where dim denotes either dimH or dimB or dimB . Letting r → 1, we have that
dimV Gx = dim
((
Wuβ (G, x) ∩ ΛG
)
×
(
W sβ(G, x) ∩ ΛG
))
(3.11)
where dim denotes either dimH or dimB or dimB. Since V
G
x is open, similar as the
proof of (3.8), (3.9) and (3.10), one can show that
dimH V
G
x = dimH ΛG, dimBV
G
x = dimBΛG and dimBV
G
x = dimBΛG
for each x ∈ ΛG. It follows from Theorem 6.5 in [21] and (3.11) that
dimH
(
Wuβ (G, x) ∩ ΛG
)
+ dimH
(
W sβ (G, x) ∩ ΛG
)
≤ dimH ΛG ≤ dimBΛG ≤ dimBΛG
≤ dimB
(
Wuβ (G, x) ∩ ΛG
)
+ dimB
(
W sβ(G, x) ∩ ΛG
)
By Theorem 3.2, for any small ξ > 0, there exists a open neighborhood U of f
in Diff1(M) such that for any g ∈ U and any x ∈ Λ we have
dim
(
W iβ
(
g, hg(x)
)
∩Λg
)
− ξ ≤ dim
(
W iβ(f, x)∩Λ
)
≤ dim
(
W iβ
(
g, hg(x)
)
∩Λg
)
+ ξ
where i = u, s and dim denotes either dimH or dimB or dimB. One may choose
a sufficiently small open neighborhood Vf of f in Diff
1(M) such that each g ∈ Vf
satisfies that gN ∈ UF . Put G := gN , note that ΛG = Λg and so
Wuβ (G, x) ∩ ΛG = W
u
β (g, x) ∩ Λg and W
s
β (G, x) ∩ ΛG = W
s
β(g, x) ∩ Λg
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for each x ∈ Λg. It follows from (3.7) that for each g ∈ U ∩ Vf , we have
dimH Λ− 2ξ = dimH
(
Wuβ (f, x) ∩ Λ
)
+ dimH
(
W sβ(f, x) ∩ Λ
)
− 2ξ
≤ dimH
(
Wuβ (g, hg(x)) ∩ Λg
)
+ dimH
(
W sβ (g, hg(x)) ∩ Λg
)
= dimH
(
Wuβ (G, hg(x)) ∩ ΛG
)
+ dimH
(
W sβ (G, hg(x)) ∩ ΛG
)
≤ dimH Λg ≤ dimBΛg ≤ dimBΛg
≤ dimB
(
Wuβ (g, hg(x)) ∩ Λg
)
+ dimB
(
W sβ(g, hg(x)) ∩ Λg
)
≤ dimB
(
Wuβ (f, x) ∩ Λ
)
+ dimB
(
W sβ(f, x) ∩ Λ
)
+ 2ξ
= dimBΛ + 2ξ.
This means the dimensions of an average conformal hyperbolic set Λ vary continuous
with respect to f ∈ Diff1(M). It completes the proof of Theorem A. 
Remark 3.4. For a locally maximal average conformal hyperbolic set Λ of a C1
diffeomorphism, by Remark 3.2 and (3.7), we have
dimH Λ = dimBΛ = dimBΛ = ts + tu
where tu and ts are unique solutions of PΛ
(
f,−t
{
logm
(
Dxf
n|Eu(x)
)})
= 0 and
PΛ
(
f, t
{
log ‖Dxfn|Es(x)‖
})
= 0 respectively.
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